Abstract. The present paper complements the research carried out in PV2008 (Petrovskaya and Vershkov, 2008) , concerning the expansion of the gravity gradients in the local northoriented reference frame in orthogonal series of modified spherical harmonics. In PV2008 procedures are developed for recovering the orthogonal bases of these series. Then an idea is briefly described how the spectral relations can be obtained between the gravity gradients and the geopotential. However no explicit procedures are demonstrated for their derivation. In the present paper successive transformations are described for each derivative which convert the initial non-orthogonal expansion into the orthogonal series. The resulting spectral relations are applied for evaluating the harmonic coefficients of these series at different altitudes, on the basis of the geopotential model EGM2008. The corresponding degree variances are estimated. The new simple expressions for the gravity gradients are convenient for various applications. In the present paper they are implemented for constructing digital colored maps for Fennoscandia region which attracts much attention of geophysicists. These maps visually demonstrate an anomalous behavior of the gravity gradients in this area.
INTRODUCTION
The Earth's disturbing potential T V U = − is considered where V represents the true gravitational potential and U is the normal one.
The expressions for the second-order derivatives of the potential T (gravity gradients) are studied in the local north-oriented reference frame { } x y z , , , where z has the geocentric radial direction, x points to the north, y is directed to the west.
The conventional expressions for these derivatives depend not only on the associated Legendre functions (cos ) n m P θ , of the colatitude θ but also on their first and second order derivatives. Besides, the factors at the Legendre functions and at their derivatives tend to infinity when approaching the poles. In the paper PV2006 (Petrovskaya and Vershkov, 2006) alternative expressions for the gravity gradients are constructed which do not have the above properties and can be applied for any satellite orbit, which can pass the polar regions. These expressions depend directly on the coefficients of the geopotential but are not orthogonal.
In the paper PV2008 (Petrovskaya and Vershkov, 2008 ) a number of researchers are mentioned who propose various orthogonal basis for expanding the second order derivatives of the geopotential. In PV2008 more simple orthogonal bases are recovered for these derivatives. They represent two sets of modified spherical harmonics which only slightly differ from the conventional spherical functions. One orthogonal basis corresponds to the tangential derivatives xx yy xy T T T , , and the other to xz T and yz T . The dependence of the modified harmonics on the longitude λ is the same as in the conventional spherical functions. The only difference between the standard spherical harmonics and the modified harmonics is that the index m in the functions (cos )
is one or two units less or larger than in sin mλ and cos mλ . The maximal degree of harmonics in the orthogonal series is the same as in the truncated conventional expansions and in the expansions constructed in PV2006.
In PV2008 an approach is briefly described to constructing the orthogonal series. This approach, unified for all the potential derivatives, is demonstrated on an example of yy T .
Several implicit and two explicit intermediate equations are presented for this derivative. For the other derivatives, xx xy xz T T T , , and xx T , only a brief comment is given. For all the derivatives the final spectral relations are provided, which connect the coefficients of the derivatives and the geopotential.
In the present paper explicit transformations for all the derivatives are described which result in the spectral relations, the same as in PV2008. It is described how on the basis of these relations two mutually inverse problems can be solved: synthesizing the spectra of the derivatives from a known geopotential model and evaluating the geopotential coefficients from a known spectrum of each derivative.
The simple orthogonal series are very convenient for recovering various characteristics of the gravity gradients. The coefficients of these series and the corresponding degree variances are evaluated on the basis of the geopotential model EGM2008 (Pavlis et al., 2008) . Colored digital maps demonstrate the anomalous behavior of the gravity gradients in Fennoscandia region, which is of much interest for geophysicists.
NON-ORTHOGONAL AND ORTHOGONAL EXPANSIONS FOR THE GRAVITY GRADIENTS
A truncated spherical harmonic series for the disturbing potential T is considered 
In the above equations r θ λ , , are the spherical coordinates. The quantity GM μ = is the gravitational constant multiplied by the Earth's mass, a is the semi-major axis of the reference ellipsoid, n m C , and (cos ) n m P θ , represent the fully normalized potential coefficients and the associated Legendre functions, respectively. In (2) and the subsequent equations the summation with respect to m includes both positive and negative values of m .
From (1) the expansion for the second order radial derivative follows ( 1)( 2) ( )
In PV2006 simple, non-singular expressions for the other second order derivatives of the disturbing potential are derived which are presented here as Fourier series
( 1) ( 2) (cos ) (cos ) , 
The numerical constants in (4) and in the subsequent equations are given in the Appendix.
The radial derivative (3) is rewritten in a more compact form
where the quantities
are introduced, instead of the coefficients n m C , , in order to simplify the subsequent transformations and computations.
The orthogonal expansions considered in PV2008 and in the present paper have the form 
, , 1 ( , ) .
The coefficients of these series depend on the quantities , n m R defined in Eq. (6), as will be shown in Section 3.
For the tangential derivatives, the modified spherical harmonics have the form
For the derivatives xz T and yz T , the harmonics are ,0
The quantities in (7)-(13) are fully normalized by the conventional rules.
It can be easily established that the harmonics , ( ) 
where σ is the unite sphere, 
Since the modified spherical harmonics are orthonormal, then the harmonic coefficients in (7)-(11) can be determined by integral formulas. In particular, , , 
RELATIONS BETWEEN THE SPECTRA OF THE DERIVATIVES AND OF THE GEOPOTENTIAL
In PV2008 a unified approach is briefly described for constructing the orthogonal series. It is proposed to apply the final expressions in PV2006, given now in (4), for deriving from them the spectral relations between the coefficients of the orthogonal series and the quantities , In this Section the successive procedures of constructing the orthogonal series are described for all the derivatives. We proceed now not from the mentioned above final expressions in PV2006 but from an intermediate equation for each derivative from this paper. It allows to essentially reduce the number of the transformations as compared to the unified approach.
DERIVATIVE yy T
We begin from the derivative yy T since its expression in (4) is more simple than for xx T .
An intermediate equation (18) from PV2006 is applied, as an initial one. We rewrite it in the form
The transformation (Z.1.39) from (Ilk, 1983) 
is applied to the second term in the square brackets in (17). It gives
The following transformations of equation (19) are performed. The expression in the right-hand side is presented as a sum of two double series. In the second one the index of summation n is 'shifted' in such a way that the general terms in both series depend on the same Legendre function (cos ) In the result, the following spherical harmonic series is derived from (19) We present the expression for the derivative yy T from (4) in the form
where ( (4) we have
The second component in (22) in (23) is expanded in the series of the conventional spherical harmonics, defined in (8) and (12) ∑ ∑
The right-hand side of (26) 2 2 sin 3 3 2 2 sin 5 5 4 2 sin 5 15
For 2 n ≥ we apply equation (15) from Claessens (2005) 
Expressions (27) and (28) are substituted in (26). Then the obtained expression is transformed similarly to the series (19). In the result, the following expansion is developed 
Since expression (21) does not contain the harmonics of the zero and first degrees then in (30) such harmonics have also to be absent. It means that the quantities inside the brackets in (30) are equal to zero and therefore
We substitute the expressions from (31) into the last four terms of (30) and then add these transformed terms to the second sum in the right-hand side of equation (30).
Since the right-hand side of equation (30) 
We have derived two expressions for the same function (20) and (21), for 0 1 m = , , and the other by equation (29) and the transformed equation (30) . Therefore the coefficients of the spherical harmonics of the same order m and degree n in (21) and (30)- (32) are equal to each other.
After equating the harmonic coefficients from both sides of equation (21) 
By equating the harmonic coefficients from both sides of the transformed equation (30) the set of equations is derived 
Equations (33), taken for 0 1 m = , , and equations (34) are considered together and applied for solving two inverse problems.
Let us assume that a geopotential model represented by the series (1) ∑ ∑
The series (35) ∑ ∑
The right-hand side of (36) is divided in two sums 
= .
(38)
In Claessens (2005, 
Expressions (38) are applied to the first double sum from (37) and equation (39) to the second one. Then the obtained expression in (37) is transformed in a manner described after equation (19).
In the result, the following spherical harmonic series is derived 
Equations (33), for 2 3 m … N = , , , , and equations (42) are applied for solving two inverse problems similar to the case when 0 1 m = , .
DERIVATIVE xx T
Let us consider the derivative xx T . We shall not perform transformations similar to those developed for yy T , but apply a more simple approach based on the Laplace equation
Function xx T is presented in the form
where ( ∑ ∑
From equations (25), (32), (43) and (45) ∑ ∑
From (47) follows that in the series (7)
From (46) and (47) 
If the coefficients , n m G have been synthesized from a geopotential model, as it is described in Sec. 3.1, then the coefficients n m H , in (7) can be synthesized by applying equations (49) 1 ∑ ∑
We apply expression (28) with respect to the right-hand side of (55). The resulting equation is transformed in the same manner, as it is described after equation (19), and then substituted in (54).
In the result of the above transformations of the right-hand side of (54) the following expansion is derived 
According to (7) and (12), we present the function ∑ ∑
We can observe that equations (59) and (56) have the same form as equations (35) 
The sets of equations (58) and (60) 
DERIVATIVE xy T
Let us construct the series (9) for xy T .
After applying equation (6), we present equation (30) (2 1) ( 1)( 2) ( 1) 
Function xy T is presented as the sum
where the first component corresponds to 1 m = and the second one to 2 3 m … N = , , , .
According to (9) and (12) 
Since the right-hand side of (67) 
From (63) 
On the basis of (67) we derive the set of equations 
In (69) 
In (70) we disregard the first two equations. Then from equations (69), (70) and (72) two inverse problems can be solved.
DERIVATIVE xz T
From Eqs. (36), (38) and (39) in PV2006 follows
where
After applying (6) we transform (74) to the form
From (76) follows that in (10) 
is applied.
From (75), (6) and (78) 
We transform expression (79) in the same manner as it is described after equation (19). In the result, the following expansion is derived ∑ ∑
In equation (Z.1.40) from (Ilk, 1983) there is the relation ( )
With taking into account (84), we can write
After substituting (85) in (83) the obtained equation is transformed as it is described after equation (19).
In the result, it is derived 
From (81) and (87) 
The first equation in (88) is disregarded. Then equations (88) and (89) are solved similarly to the preceding cases.
DERIVATIVE yz T
We apply for derivative yz T the expression (9) from PV2006. After transferring from n m C , to the quantities n m R , by means of equation (6), we obtain ∑ ∑
Let us note that expression (91) is similar to expression (82) for
(1) xz T . Only now the upper limit for n is N and not 1 N + . Then, after the same transformations of (91), as were applied to (82), we obtain equations similar to (83) 
As a result, equation (92) ∑ ∑ ∑ ∑
By equating the right-hand sides of (90) and (94) 
It is worth noticing that equations (95) are explicitly resolved with respect to the quantities n m R , . Then, after applying (6), the geopotential coefficients n m C , can be recovered on the basis of known spectral coefficients n m A , of the derivative yz T .
Basing on known quantities n m R , , defined by equations (1) and (6), the coefficients n m A , can be synthesized from (95) 
CHARACTERISTICS OF THE GRAVITY GRADIENTS
We consider the disturbing potential T which represents the difference between EGM2008 geopotential model and GRS80 normal field (Moritz, 1980) . The computations are carried out on PC Pentium IV 2.8 GHz with the mantissa of 32 digits. The calculated quantities are expressed in Eötvös units (E).
The associated Legendre functions are calculated on the basis of simple recurrence procedures given by Holmes and Featherstone (2002) . The coincidence of the values of the gravity gradients (GG), computed from the new expressions (7)-(11) and from the expressions (4), is established with the precision The recurrent spectral relations derived in Sec. 3 are solved very quickly, taking only 12 seconds for all six derivatives.
The spectral coefficients of GG are synthesized on the basis of EGM2008 geopotential model which contains the harmonics up to degree and order 2160. From these coefficients the root mean square degree variances ( n δ ) are evaluated and presented in Fig. 1 .
Let as note that at the altitude 0 km h = the convergence of the series for the second order potential derivatives is too slow for a possibility of their implementation. Since the partial sums of the N-th degree of the constructed series are equal to the sums of the same degree of the conventional series, as well as the series derived in P2008 (given now in equation (4)), then all three kinds of the series have the same rate of the convergence. The poor convergence at 0 km h = is explained by the fact that, due to double differentiation, the increase of the general term, proportional to 2 n (as in equations (5) and (6)), is not compensated by the factor ( ) 3 n a r + since r a = .
Taking into account the above comment, we present in Fig. 1 the cases of 50, 100, 250 km h = which demonstrate the evolution of the rate of decreasing the degree variances with increasing the altitude. For all GG the degree variances are almost monotonically decreasing and the curves are almost parallel. As was expected, for zz T they have the maximal power and for xy T the minimal one, as compared to the other derivatives.
For the latter derivatives the curves are very close to each other. 
T T T T T T
If one compares the non-orthogonal expansions for GG, presented either by the conventional series or the new ones, given in (4), with the orthogonal series defined in (7)-(11), then it can be seen that the latter expressions are much more simple and therefore more appropriate for performing spherical harmonic synthesis and analysis.
We apply expressions (7)-(11) for constructing colored digital maps for Fennoscandia area, which is of interest for geophysicists. In Grafarend and Voosoghi (2003) much attention is given to this region, which is "presently undergoing recent crustal uplift as a result of postglacial rebound" (ibid., p. 311).
We construct the maps for the altitude 100 km h = and not 250 km h = because the larger is the altitude, the less peculiarities of the gravity gradients are noticeable. These maps visually display the rate of changing the gravity gradients in different directions. The distribution and the magnitude of the gravity gradient anomalies can be compared with the other known geophysical anomalies. In Fig. 3 
